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Hybrid Compressible–Incompressible Numerical Method
for Transient Drop-Gas Flows
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A numerical method for drops in which the liquid phase is modeled as an incompressible fluid while the gas phase
is modeled as a compressible fluid is presented. An unstructured grid that conforms to the deforming interface at all
instants in time is employed. Finite volume discretization of the strong conservative form of the governing equations
is solved with an implicit iterative procedure that simultaneously solves governing equations for the two phases
and the boundary conditions at the interface. The numerical accuracy of the code is assessed by comparing the
computed transient drag of a decelerating solid sphere with prior computed results published in the literature and
comparing the computed behavior of an oscillating drop with the classical solution of the problem. The numerical
method is assessed in axisymmetric computations of deforming and decelerating liquid drops. The transient drag
of the drop is compared with computed results for a solid sphere.

Nomenclature
A = normal Jacobian matrix
a = eigenvalues of normal Jacobian matrix
b = coefficients in Legendre polynomial fit for

interface curvature
c = speed of sound
e = total specific energy
ê = unit vector along the coordinate direction
Fc = column matrix of convective fluxes
Fv = column matrix of viscous fluxes
G = represents certain terms in Eq. (21)
h0 = total specific enthalpy��I = identity tensor
Ki j = spring stiffness associated with the edge joining

vertices i and j
k = thermal conductivity
l = normalized curve length along the interface
n̂ = unit normal vector
Pr = Prandtl number
p = pressure
Q = source term in grid movement
q = heat-flux vector
R = gas constant
R = right eigenvectors for normal Jacobian of the inviscid

governing equations
r = radial coordinate
r = position vector
r j = distance from vertex to centroid of triangle j
S = surface area of control volume
T = temperature
t = time
tc = convective time
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tv = viscous time
t∗ = pseudotime
t̂ = unit tangential vector
ũ = specific internal energy
V = fluid velocity vector
Vdrop = mass-averaged velocity of drop
Vint = interface velocity vector
Vs = velocity vector of the moving surface bounding a

control volume
Vsolid = velocity of moving solid
v = fluid velocity component
W = column matrix of unknown variables
z = axial coordinate
β = artificial compressibility factor
γ = ratio of specific heats
� = space or time discretized value of the variable

succeeding it
δ = change in axial coordinate from one time step

to another
ε = small positive parameter in total-variation-diminishing

(TVD) scheme
θ = azimuthal coordinate
κ = curvature
κ2d = curvature in two-dimensional plane
µ = dynamic viscosity
ν = volume of control volume
ρ = density
ρ∗ = artificial density
σ = surface tension��τ = viscous stress tensor
� = column matrix of numerical antidiffusive fluxes

 = entropy correction in TVD scheme
� = coefficient in Runge–Kutta scheme

Subscripts

g = gas phase
gas = freestream, that is, gas phase at the start of computation
l = liquid phase
r = radial coordinate direction
z = axial coordinate direction
θ = azimuthal coordinate direction

Superscript

n = time level
1974
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I. Introduction

I N liquid injection, the intact liquid core breaks up into drops
within several diameters downstream of the orifice. These drops

then undergo a variety of interactions among themselves and with
the ambient gas. The interactions between the drops result in sev-
eral outcomes as discussed in the literature.1,2 Numerical studies of
these drop-drop interactions have been reported,3−6 but much re-
mains to be done. The interactions with the ambient gas result in
momentum transfer between the drop and the gas and in drop de-
formation and secondary breakup. These interactions are also not
well understood. In fact, in multidimensional spray models7,8 the
momentum transfer between the drop and the gas is estimated by
employing drag correlations, which have been developed for solid
spheres in steady flows. Recent work by Kim et al.9 has shown
that these drag coefficients are inadequate in transient flows even
for solid spheres. Furthermore, it has been reported in the litera-
ture that steady drag coefficients for deforming spheres are differ-
ent from those for solid spheres.10−12 There have not been many
studies of transient drag coefficients for drops though quasi-steady
drag has been reported.13 The experimental work of Temkin and
Mehta14 indicates that the unsteady drag for decelerating flows is
always larger than the steady drag for a solid sphere at the same
Reynolds number, whereas in accelerating flows the unsteady drag
is observed to be smaller than the corresponding steady drag of
a solid at the same Reynolds number. To numerically study the
transient drag for drops, a numerical method is developed in this
work.

In the next few sections, the governing equations for the two
fluids, the physical model for the interface, the space and time dis-
cretizations employed in the numerical method along with the grid
movement strategies are discussed. The computed transient drag
for a decelerating solid sphere is then compared with the prior work
of Kim et al.9 This is followed by a comparison of the analytical
solution15 and the computed results for an oscillating liquid drop.
The initial results from an axisymmetric computation of a deceler-
ating liquid drop are presented, and the transient drag is compared
with the drag of a decelerating solid sphere. The paper closes with
summary and conclusions.

II. Model
A. Governing Equations

The physical problem is that of a liquid drop surrounded by gas.
The liquid drop is modeled as an incompressible fluid, while the gas
phase is modeled as a compressible fluid. The two immiscible fluids
are separated by an interface, which has constant surface tension.
The governing equations employed are the standard Navier–Stokes
equations for compressible fluid in the gas phase and for incom-
pressible fluid in the liquid phase.16

B. Numerical Model
The introduction of a pseudotime t∗ in the unsteady governing

equations of the compressible flow leads to a reformulation of the
system of equations such that a time-marching steady-state solver
can be employed.17 The pseudotime term has the same form as the
physical time term. The converged solution in pseudotime represents
the transient solution of the governing equations in physical time.
Because physical time is fixed when marching in pseudotime, it is
possible to employ standard convergence acceleration techniques
like local time stepping for steady-state solution in pseudotime.
This does not compromise the solution accuracy in physical time.
Hence, the unsteady integral form of the governing equations for
the compressible gas phase is

∂

∂t∗

∫ ∫

ν(t)

∫
Wg dν + ∂

∂t

∫ ∫

ν(t)

∫
Wg dν

+
∫∫

S(t)

(Fc − Fv)g • n̂ dS = 0 (1)

where

Wg =




ρg

ρgVg

ρgeg


 , (Fc)g = Wg

(
Vg − Vs

)+ pg




0
��I

Vg




(Fv)g =




0
��τ g

− qg + ( ��τ g • Vg)




t is the physical time, S(t) is the surface area bounding the control
volume ν(t) at time t , n̂ is the unit normal vector pointing outward
from the control volume ν(t), Vs is the velocity vector of the moving
surface S(t), ρg is the density, Vg is the velocity, eg is the total
specific energy, pg is the pressure, and qg is the heat-flux vector of
the gas phase in the control volume. The heat-flux vector qg and the
total specific energy eg are defined as

qg = −kg∇Tg, eg = ũg + (Vg • Vg)/2 (2)

where kg is the thermal conductivity, Tg is the temperature, and ũg is
the specific internal energy of the gas phase. The set of conservation
equations [Eq. (1)] is closed by employing the ideal-gas equation of
state:

pg = ρg RTg (3)

A direct extension of the time-marching methods for compress-
ible flows to incompressible flows is hindered because of the lack of
a time evolutionary term in the mass conservation equation. To over-
come this problem, Chorin18 developed an artificial compressibility
method for steady incompressible flows. This involved modifica-
tion of the continuity equation to include a pseudotime term that
vanishes when steady-state solution is reached. The addition of this
term results in a mixed set of hyperbolic-parabolic Navier–Stokes
equations, which can be solved using a standard time-dependent
approach. To obtain a time-accurate time-marching scheme for un-
steady incompressible flows, the artificial compressibility approach
can be extended to the momentum and energy conservation equa-
tions. This is achieved by modifying the governing equations to in-
clude an unsteady term in pseudotime.19 A solution of the modified
equations that is steady in pseudotime is identical to the instanta-
neous unsteady solution of the governing equations in physical time.
With the objective of employing the same numerical method for both
the compressible gas phase and the incompressible liquid phase, the
artificial compressibility approach has been employed in this work
for the incompressible liquid phase. Hence, the unsteady integral
form of the governing equations employed for the incompressible
liquid phase are

∂

∂t∗

∫ ∫

ν(t)

∫
W∗

l dν + ∂

∂t

∫ ∫

ν(t)

∫
Wl dν

+
∫∫

S(t)

(Fc − Fv)l • n̂ dS = 0 (4)

where

W∗
l =




ρ∗
l

ρlVl

ρl el


 , Wl = ρl




0

Vl

el




(Fc)l = ρl




Vl

Vl(Vl − Vs)

el(Vl − Vs)


 + pl




0
��I

Vl




(Fv)l =




0
��τ l

− ql + ( ��τ l • Vl)



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Fig. 1 Control volume employed to
derive the interface conditions.

where ρl is the density of the liquid phase and is assumed to be
constant because of the incompressible fluid assumption, Vl is the
velocity, el is the total specific energy, pl is the pressure, ��τ l is the vis-
cous stress tensor, and ql is the heat-flux vector of the liquid phase
in the control volume. The heat-flux vector ql and the total specific
energy el for the liquid phase are defined in a manner similar to that
of the gas phase [Eq. (2)]. In the artificial compressibility method,
the artificial density ρ∗

l is related to the pressure pl by the artificial
equation of state

pl = βρ∗
l (5)

It is representative of an artificial speed of sound. The optimum
value of β depends on the problem being solved.

C. Physical Modeling of Interface
Figure 1 shows the control volume employed in the derivation

of the interface conditions. The assumptions made for the control
volume analysis are as follows:

1) Thickness of control volume is negligible at the interface.
2) Mass within the interface is negligible.
3) Velocity at the interface is subjected to the no-slip condition.
These assumptions, when applied to the control volume consid-

ered in Fig. 1, result in the following transport equations.
Mass:

ρl [(Vl − Vint) • n̂] = ρg[(Vg − Vint) • n̂] (6)

Because the two fluids on either side of the interface are assumed to
be immiscible, the mass-transfer rate per unit area in Eq. (6) is set
to zero. This results in the following equation for mass conservation
at the interface:

Vl = Vg = Vint (7)

Momentum normal to the interface:

pl − (n̂ • ��τ l) • n̂ = pg − (n̂ • ��τ g) • n̂ + σκ (8)

Momentum tangential to the interface:

(n̂ • ��τ l) • t̂ = (n̂ • ��τ g) • t̂ (9)

Energy:

pl(Vl • n̂) − n̂ • (��τ l • Vl) + ql • n̂ = pg(Vg • n̂)

− n̂ • (��τ g • Vg) + qg • n̂ + σκ(Vint • n̂) (10)

R =




1 0 1 1 0

vz −nr vz + cnz vz − cnz 0

vr nz vr + cnr vr − cnr 0

vθ 0 vθ vθ 1(
v2

r + v2
θ + v2

z

)/
2 vr nz − vznr h0 + c(vr nr + vznz) h0 − c(vr nr + vznz) vθ


 (14)

D. Space Discretization
An unstructured grid of triangular elements is generated sep-

arately for each phase with the interface as a common bound-
ary. This allows the unstructured grid to conform to the irregular
shape of the interface at all times. The grid generator employed in
this work, delaundo,20 creates triangular grids based on the frontal
Delaunay method.

A finite volume approach with a cell-centered scheme is chosen
to solve the governing equations of the two phases. Figure 2 shows
a triangular control volume, which will be employed to illustrate
the details of the numerical discretization. Also, for illustration,
the governing equations of the gas phase, that is, Eq. (1), will be
employed.

The integration of the governing equations for the triangular con-
trol volume in Fig. 2 yields

�[(Wg) j0�ν j0]

�t∗ +
�[(Wg) j0�ν j0]

�t
+

∑
i

(Fc − Fv)i • n̂i�Si = 0

(11)
where �ν j0 denotes the volume of the triangular cell centered at j0
in Fig. 2. (Wg) j0 represents Wg estimated using the cell-centered
values of j0. The summation is carried out over the three boundaries
— i1, i2, and i3— of triangle j0. �Si denotes the surface area of
boundary i of j0, and n̂i is the unit normal vector to boundary i ,
which is directed outward from the control volume j0. (Fc)i and
(Fv)i denote the convective and viscous fluxes transported across
the boundary i into the control volume j0.

For the estimation of (Fv)i , the values of Vg , ��τ g , and qg are re-
quired at the boundary surface Si . These values are to be determined
from the cell-centered values of the control volumes. Vg is defined
by interpolating the velocities in triangle j0 and the neighboring tri-
angle, which leads to a second-order-accurate solution. This method
is also employed to define the fluid properties like dynamic viscosity
and thermal conductivity, which are required in the estimation of ��τ g

and qg , respectively. The gradients of velocity and temperature in��τ g and qg are defined by applying the Gauss divergence theorem to
the two triangles, which are on either side of the boundary surface
Si . This method of numerical flux estimation leads to a second-order
central difference approximation.

The convective fluxes are estimated by employing a total-
variation-diminishing (TVD) scheme.21 This scheme when applied
to the boundary surface i1 results in the following:

(Fc • n̂)i1 = 1
2 {[(Fc) j0 + (Fc) j1] • n̂i1 + Ri1�i1} (12)

where (Fc) j0 and (Fc) j1 represent Fc estimated using cell-centered
variable values of triangle j0 and j1, respectively. It is the matrix of
eigenvectors of A that diagonalizes A, that is, R−1AR is a diagonal
matrix consisting of eigenvalues of A. The normal Jacobian matrix
for a boundary surface i1 is defined as

Ai1 =
(

∂Fc

∂Wg
• n̂

)

i1

(13)

Both the matrices, A and R, are functions of space and time as
a result of the nonlinear nature of the governing equations. For
axisymmetric flows in cylindrical coordinates (r, θ, z),
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Fig. 2 Triangular control volume employed to illustrate the details of
the numerical discretization.

where (vr , vθ , vz) are the fluid velocity components along the (r, θ, z)
coordinate directions respectively; (nr , 0, nz) represents the unit
normal vector n̂ in the cylindrical coordinate system for an axisym-
metric flow; and h0 is the total specific enthalpy and is defined as
h0 = e/p.

Linearization is implemented by employing the local character-
istic approach.21 In this approach, the matrix R is evaluated using
local variables of the computed flowfield. For the implementation
of TVD scheme, R is to be estimated at the boundary surface Si1.
The computed local variables at the boundary are obtained by Roe
averaging the cell-centered variables of the two triangles, which are
present on either side of the boundary surface.

In Eq. (12), �i1 is the numerical antidiffusive flux that makes the
scheme upwind-biased TVD and second-order accurate. Each lth
element of the column matrix �i1 is

�l
i1 = 1

2 

(
al

i1

)(
gl

j0 + gl
j1

)− 

(
al

i1 + ηl
i1

)
αl

i1 (15)

where


(x) =
{|x |, |x | ≥ ε

(x2 + ε2)/2ε, |x | < ε

ηl
i1 = 1

2



(
al

i1

){(
gl

j1 − gl
j0

)/
αl

i1, αl
i1 �= 0

0, αl
i1 = 0 (16)

gl
j0 = minmod

(
αl

i1, α
l
p0

)

gl
j1 = minmod

(
αl

i1, α
l
p1

)

where 
(x) is an entropy correction to |x |. The larger the value of
ε, the more numerically dissipative the scheme becomes. Here ai1

represents the eigenvalues of the normal Jacobian Ai1, defined as

Ai1 =
(

∂(Fc)g

∂Wg
• n̂

)
i1

(17)

αl
i1, αl

p0, and αl
p1 represent the lth element, respectively, of the fol-

lowing column matrices:

αi1 = R− 1
i1

[
(Wg) j1 − (Wg) j0

]

αp0 = R− 1
i1

[
(Wg) j0 − (Wg)n1

]

αp1 = R− 1
i1

[
(Wg)m1 − (Wg) j1

]
(18)

where (Wg)k is estimated using values of variables at the spatial
position k in the computational domain. The values of variables at
a vertex are evaluated by mass averaging the cell-centered variables
of triangles around the vertex. In Eq. (18), p0 and p1 denote the
spatial positions shown in Fig. 2.

The scheme just outlined applies for both the cases with and
without any grid movement. For grid movement, an additional term

needs to be added to Eq. (12), which is estimated as follows:

(Wg)i1(Vs • n̂)i1 = 1
2

[
(Wg) j0 + (Wg) j1

]
(Vs • n̂)i1 (19)

The space discretization of the governing equations for the liquid
phase is similar to that of the gas phase. To solve the governing
equations of the two phases, the fluxes across the interface are to
be estimated such that the interface conditions, that is, Eqs. (7–10),
are satisfied. The implementation of these interface conditions in-
clude estimation of the viscous stresses and heat flux across the
interface. For a control volume formulation, these are estimated at
the centroids of the gas and liquid control volumes on either side
of the interface and cannot be determined at the interface without
a viscous flux model. In this work, the viscous fluxes are assumed
to be continuous at the interface, that is, viscous stresses and heat
flux for the two phases are assumed to be equal at the interface. The
impact of this model on computed results is evaluated by showing
that there is adequate agreement between the computed oscillation
frequency of a liquid drop and its analytical solution (see Sec. III).
The continuous viscous flux assumption implies that the change in
normal momentum and energy fluxes across the interface is caused
by a pressure differential caused by surface tension forces [Eqs. (8)
and (10)]. As a result, the continuous viscous flux model can be
employed for drop-gas flows where the pressure drag is dominant
because the shearing effect of the gas phase on the interface cannot
be captured. Because the viscous fluxes are assumed to be contin-
uous at the interface, they are estimated using gas-phase variables.
This approach is adopted so that the shear stress component of the
transient drag computed for a liquid drop is consistent with the drag
estimation method for a solid sphere.

The interface boundary condition, Eq. (7), states that the inter-
face moves with fluid velocity, that is, Vs = Vg = Vl = Vint. This
implies that the convective flux Fc at the interface is caused by
pressure alone. Assuming boundary surface i1 in Fig. 2 represents
an interface boundary element, the convective flux is estimated as
follows:

(Fc • n̂)i1 = 1

2
[(Fc) j0 + (Fc) j1] • n̂i1 ± 1

2
σκ




0
��I

Vint




i1

• n̂i1 (20)

which leads to a second-order central difference scheme at the inter-
face boundary. In Eq. (20), j0 and j1 represent triangles on either
side of the interface boundary element, one of which is in the gas
phase and the other in the liquid phase. The flux caused by surface
tension in Eq. (20) has a positive value for the control volume in the
liquid phase and a negative value for the gas phase. This numerical
treatment of the flux at the interface ensures that the jump in normal
momentum flux is σκ , and for the energy equation it is σκ(Vint • n̂).

The interface curvature κ in the axisymmetric computations is
defined as follows:

κ = κ2d − (n̂ • êr )/|r • êr | (21)

where κ2d is the curvature in the two-dimensional plane of Fig. 1,
êr is a unit vector along the radial coordinate direction, and r and
n̂ represent the position vector and unit normal vector respectively,
both of which are defined at the center of the interface element. The
direction of normal vector is illustrated in Fig. 1. Then, κ2d at the
center of the interface element is estimated using Legendre polyno-
mials. For example, in the cylindrical coordinate system (r, θ, z) the
Legendre polynomials are fitted to the z coordinates of the interface
vertices as follows:

z = b1 + b2l + b3[(3l2 − 1)/2] + b4[(5l3 − 3l)/2] (22)

where l represents the normalized curve length along the interface
to the vertex whose coordinates are (r , z). The four polynomials on
the right side of Eq. (22) are the first four Legendre polynomials, and
so Eq. (22) is a third-degree polynomial fit for z. The coefficients
b1–b4 are determined from the z coordinates of four interface nodes.
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For example, the two vertices of an interface edge and the adjacent
vertices of its neighboring interface edges constitute the four vertices
for the polynomial fit. Similarly, Legendre polynomials can be fit
to the r coordinates of the same four interface nodes. κ2d is then
defined as

κ2D = r̈ ż − ṙ z̈

(ṙ 2 + ż2)
3
2

(23)

where ṙ and ż represent the first derivatives while r̈ and z̈ denote
the second derivatives of r and z, respectively. These derivatives are
estimated from the Legendre polynomials. In this method, coordi-
nates of the two vertices of any interface edge are employed in three
different sets of Legendre polynomial fits. These three polynomial
fits result in three different values of κ2d, each of which is estimated
by Eq. (23). An average value of these three values is employed
for κ2d in Eq. (21). This averaging method has been validated by
Tryggvason et al.22 The averaging method smoothes the discon-
tinuous values of curvature that arise as a result of the numerical
representation of the interface as a set of discrete boundary surfaces.
Increasing computational grid resolution decreases the discontinu-
ity in the curvature values and also improves the accuracy of the
interface conditions implemented at the drop surface.

The boundaries of the computational domain consist of flow
boundaries and an axisymmetry boundary. For inflow–outflow
boundaries, the flow is assumed locally to be one dimensional along
the direction normal to the boundary surface element. The fluxes
at the boundary surfaces are estimated using variables that are ob-
tained by solving a local one-dimensional inviscid (LODI) system
of equations.23 Nonreflective boundary conditions are implemented
in LODI by specifying amplitudes of the incoming waves to be con-
stant in time.24 For inflow, the incoming Riemann invariant, entropy,
and flow direction are imposed together with the outgoing Riemann
invariant. In the case of outflow, the outgoing Riemann invariant is
used along with the entropy and the tangential component of ve-
locity. The incoming Riemann invariant for the outflow boundary is
corrected such that the imposed boundary conditions are partially
nonreflecting.22 In the case of axisymmetry boundary, the gradients
of pressure and temperature are enforced to be zero. The gradient of
normal component of velocity is set to be zero, whereas the tangen-
tial component of velocity is subjected to the slip condition along the
axis. For the solid-sphere computations, wall boundary condition is
implemented for the sphere surface. At the wall, no-slip condition is
enforced for velocity, pressure is obtained by assuming zero normal
gradient, and an adiabatic condition is imposed for temperature.

E. Time Discretization
A second-order time-accurate implicit scheme is used for solving

the governing equations of the two phases. For example, Eq. (11) is
discretized at physical time level n + 1 as follows:

�[(Wg) j0�ν j0]

(�t∗) j0
+

[
3(Wg)

n + 1
j0 �νn + 1

j0

2�tn + 1
−

4(Wg)
n
j0�νn

j0

2�tn + 1

+
(Wg)

n − 1
j0 �νn − 1

j0

2�tn + 1

]
+

[∑
i

(Fc − Fv)i • n̂i�Si

]n + 1

= 0

(24)

where the superscripts on each term denote the physical time level at
which the term is evaluated. �tn + 1 denotes the change in physical
time from time level n to n + 1. The solution at physical time level
n + 1 is obtained by marching Eq. (24) to a steady state in pseudo-
time. Thus, the unsteady flow calculation is carried out as a series of
steady-state calculations in pseudotime. The pseudotime marching
is carried out using a four-stage Runge–Kutta scheme as follows:[

1 + �m
3(�t∗) j0

2�t

]
[(Wg) j0�ν j0]m = [(Wg) j0�ν j0]n

− �m(�t∗) j0Gm − 1
j0 (25)

where �m = 1/(5 − m) represents the coefficients and m de-
notes the stage number of the Runge–Kutta scheme, that is,

m = 1, 2, 3, 4. (�t∗) j0 is the local pseudotime step for the con-
trol volume j0. To increase stability, as shown by Venkatakrishnan
and Mavriplis,25 the term 3(Wg)

n + 1
j0 �νn + 1

j0 /2�tn + 1 in Eq. (24) is
treated implicitly at each stage of the Runge–Kutta scheme, that is, it
is considered to be evaluated at stage m in Eq. (25). G j0 represents
all of the terms in Eq. (24) other than 3(Wg)

n + 1
j0 �νn + 1

j0 /2�tn + 1

and the pseudotime term. For convergence acceleration, the viscous
fluxes in G j0 are estimated only during the first two stages of the
Runge–Kutta scheme.

The local pseudotime step (�t∗) j0 for each control volume j0
is defined to be a constant fraction of the local physical time step
(�t) j0. The value of the constant depends on the physical problem
being solved. Both of these local time steps are evaluated at the
beginning of each physical time step. The local physical time step
is estimated as follows26:

(�t) j0 = CFL

[
(�tc) j0(�tv) j0

(�tc) j0 + (�tv) j0

]
(26)

where CFL is the Courant–Friedrichs–Lewy number. (�tc) j0 and
(�tv) j0 denote the convective and viscous time-step limits and are
estimated as follows:

(�tc) j0 = �ν j0

(λc) j0
, (�tv) j0 = 1

4

[
(�ν j0)

2

(λv) j0

]
(27)

where

(λc) j0 =
∑

i

|(Vg or l − Vs) • n̂ + c|i�Si

(λv) j0 = γg

Prg

∑
i

(
µg or l

ρg or l

)
(�Si )

2

where γg is the ratio of specific heats and Prg is the Prandtl number
of the gas phase. For liquid phase, (�tv) j0 is the same expression
except that it does not contain the ratio of (γg/Prg), and µg or l

represents the dynamic viscosity of the fluid, which could either be
the gas phase g or the liquid phase l. Summations in the definition
of (λc) j0 and (λv) j0 are defined for boundary surfaces of the control
volume j0. The contribution of interface boundary surfaces to this
summation is set to be zero. For the gas phase, speed of sound c is
defined as

√
(γg RTg), where

Tg = [(γg − 1)/R]
(
ρgeg − 1

2 Vg • Vg

)
(28)

For the liquid phase, c represents the artificial speed of sound in
the artificial compressibility method and is defined as

c =
√

[(Vl − 0.5Vs) • n̂]2 + β (29)

F. Grid Movement Strategies
The vertices on the boundary of the computational domain are

moved with a constant velocity in the axial direction at each time
step. In the case of a solid sphere, this axial velocity is that of the
moving sphere, whereas in the case of the liquid drop the axial
velocity of center of mass of the moving drop is employed. The
movement of the vertices on the interface is governed by Eq. (7).
In Eq. (7), the fluid velocity Vint for an interface vertex n2 in Fig. 2
can be defined by the following spatial interpolation method:

(Vint)n2 =
[∑

j (1/r j )(Vg or Vl) j∑
j (1/r j )

]

n2

(30)

where the summation is defined for all of the triangles j surrounding
the vertex n2. The weighting function 1/r j is defined as the inverse
of the distance from the vertex n2 to the centroid of triangle j .
This choice of the weighting function ensures that for larger r j ,
the contribution of the gas velocity Vg or the liquid velocity Vl of
triangle j to (Vint)n2 is small.
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The tension spring analogy25 has been employed in this work
to specify the movement of vertices in the interior domain. The un-
structured grid is considered to be analogous to a system of intercon-
nected springs. In a two-dimensional grid, this system is constructed
by representing each edge of every triangle by a tension spring. The
spring stiffness is assumed to be inversely proportional to the square
of the edge length. In this approach, the vertices on boundary and
interface are moved as already discussed, and the instantaneous po-
sitions of interior vertices are prescribed by preserving the spring
stiffness of the grid before deformation. This is achieved by solv-
ing a linear system of equations, each equation of which has the
following form: ∑

j

Ki j (zi − z j ) = Qi (31)

where j is summed over all vertices connected to vertex i . Ki j is the
spring stiffness associated with the edge joining the vertices i and
j . Qi is a source term that preserves the initial grid in the absence of
any interface movement. Ki j (zi − z j ) represents the tension spring
force in each edge, which is proportional to the stretched length
of the spring. For the unstructured grid, the stretched length would
be analogous to the difference in values of one of the coordinates
of the grid vertices. Equation (31) represents the linear system of
equations obtained when the z coordinate represents the stretched
length. Similar to Eq. (31), a linear system of equations is solved for
the r coordinates of the vertices. These linear systems of equations
in z and r coordinates are solved iteratively for new positions of the
interior vertices. Initially, the displacements of the interior vertices
are predicted according to a linear extrapolation given by

z̃n + 1
i = zn

i + 2δn
i − δn − 1

i (32)

where δn
i = zn

i − zn − 1
i . These predicted values are corrected using

a point Gauss–Seidel method until a prescribed convergence is ob-
tained. The resulting values of zn + 1

i and rn + 1
i are then employed to

define the vertex velocities, for example, radial component of the
vertex velocity at time step n + 1 is (rn + 1

i − rn
i )/�t . These vertex

velocities further define the boundary surface velocities Vs .
The tension spring analogy preserves connectivity of the grid.

However, edges in the grid can cross, resulting in invalid triangula-
tions. This crossing is corrected by checking grid quality at the end
of each physical time step. Before grid lines cross, angles of trian-
gles tend to become small. Thus, a prescribed check on the angles of

a) Computational grid for n = 51

b) Magnified view of the grid around the solid surface for n = 51

Fig. 3 Lowest-resolution computational grid for the solid sphere:
n = 51.

each triangle ensures that the occurrence of grid line crossing is re-
duced. Furthermore, a check is always carried out for grid line cross-
ing along with the check for angles of triangles. If the prescribed
criteria are violated, the grid is regenerated, and a mass-averaged
solution is interpolated from the old grid to the new grid. This grid
movement strategy ensures that the grid quality is maintained in
and around the vicinity of the deforming interface. For example, a
triangle near the interface has two vertices on the interface, and one
vertex is present either in the gas or liquid phase. The movement
of the two interface vertices is defined by Eq. (30) while the single
vertex is moved according to the spring tension analogy. These two
methods of moving the vertices of a single triangle lead to poor grid
quality, that is, the angles in the triangle become small. The pre-
scribed check on the angles of the triangle ensures that the grid is
regenerated before the numerical code encounters any convergence
problems.

For moving grids, the cell volumes are computed by solving the
geometric conservation law (GCL)27:

δν

δt
=

∫∫

S(t)

Vs • n̂ dS (33)

a) Computational grid for n = 201

b) Magnified view of the grid around the solid surface for n = 201

Fig. 4 Highest-resolution computational grid for the solid sphere:
n = 201.

Fig. 5 Comparison of transient drag coefficient for a decelerating solid
sphere with the computed data of Kim et al.9
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a) Shape of interface at different times

b) Amplitude of oscillation as a function of time

Fig. 6 Computed results for an oscillating liquid drop of ρl/ρg = 100.

a) Computational grid and boundary conditions

b) Magnified view of the grid in and around the liquid drop

Fig. 7 Unstructured grid employed in liquid drop computations.

The GCL is solved numerically using the same scheme that is
employed for integrating the governing equations of the two fluids.
This numerical procedure is necessary to obtain a cell volume that
is consistent with the grid movement.

III. Results and Discussion
The numerical formulation is valid for full three-dimensional sim-

ulations with a tetrahedral grid generator. These simulations would
require massively parallel computers as the computational effort
involved is about two orders of magnitude greater than the two-
dimensional axisymmetric computations. In this work, the govern-
ing equations are solved in a cylindrical coordinate system (r, θ, z),
and the flow is assumed to be axisymmetric. Comparisons of com-
puted results with analytical solutions and prior numerical works are
presented in this section along with preliminary results of transient
drag coefficients.

Kim et al.9 solved the Navier–Stokes equations for a solid sphere
that moves with an initial velocity in a stagnant incompressible
fluid. They presented the transient variation of the drag coefficient
Cd for the decelerating solid sphere as a function of nondimensional
time t+, defined as t+ = (t V 0)/R, where V 0 is the initial velocity of
sphere and R is the sphere radius. Cd for the solid sphere is defined as

Cd =
∫∫

S(t)
− pgn̂ • êz dS + ∫∫

S(t)
n̂ • ��τ g • êz dS

1
2 ρgas(Vgas − Vsolid) • (Vgas − Vsolid)π R2

(34)

where êz is a unit vector along the axial coordinate direction, S(t)
represents the moving solid surface of the sphere, and ρgas and Vgas

Fig. 8 Spherical liquid interface of the drop at the start of
computation.
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a) t+ <– 14 b) t+ >– 14

Fig. 9 Computed shapes of interface at different times for a decelerating liquid drop of Ohl = 0.01.

a) Relative velocity vector plot in and around the liquid drop

b) Magnified view of the relative velocity vector plot

Fig. 10 Computed relative velocity vector plot for a decelerating liquid drop of Ohl = 0.01 at t+ = 23.8.

are the density and velocity of the freestream, that is, density and
velocity of the gas phase at the start of computation. Computations
were carried out for four different numerical resolutions. The num-
ber of vertices n employed to discretize the surface of the sphere
in the lowest resolution case was 51. For higher-resolution com-
putations, the number of vertices was increased in steps of 50%
on all boundaries of the computational domain. The lowest- and
highest-resolution computational grids, that is, n = 51 and 201, are

shown in Figs. 3 and 4, respectively. The computed transient Cd

for a compressible fluid with ρsolid/ρg = 5 and initial Re = 150 is
shown in Fig. 5 along with the results of Kim et al.9 At a nondi-
mensional time of 180, the computed Cd value for n = 51 is 27.3%,
n = 101 is 9.9%, n = 151 is 5.6%, and n = 201 is 4.6%, greater
than the results of Kim et al.9 As the resolution is increased from
n = 51 to 201, the computed drag shows better agreement with
the data of Kim et al.9 These results for solid spheres indicate
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Fig. 11 Comparison of transient drag coefficient for a decelerating
solid sphere and liquid drop of Ohl = 0.01.

that the numerical code is capable of estimating the transient drag
accurately.

A classical problem that is often employed to assess the ac-
curacy of numerical codes for drop studies is the oscillating
drop problem. An analytical solution for the small oscillations
of a liquid drop about its spherical shape has been presented
by Lamb.15 The analytical frequency of oscillation ω is given as
ω2 = 24 σ/R3(3ρl + 2ρg), where R is the radius of the spherical
drop, ρl is the liquid density, and ρg is the gas density. Computations
were carried out to compare computed results with the analytical re-
sults. In the computation, R = 1 cm, ρg = 1 kg/m3, σ = 4700 N/m,
µg = 1.787 × 10−5 Ns/m2, ρl/ρg = 100, and µl/µg = 35,000. Ini-
tially both the air and liquid drop are at rest. Figure 6a shows the
computed interface of the liquid drop at different times. It can be ob-
served that the initially perturbed interface oscillates about a mean
circular shape. Figure 6b shows the decaying amplitude of oscilla-
tions of the liquid drop. The computed time period of oscillation
is 0.326 ms, which is 1.56% higher than the analytical value of
0.321 ms. For ρl/ρg = 1000, the computed time period is found to
be 1.024 ms, which is 1.14% higher than the analytical value of
1.0125 ms.

Next, computations were carried out for a decelerating liquid
drop, which was placed initially with a velocity of V 0 = 70 m/s in
stagnant air at ρg = 1.2 kg/m3 and pg = 1 atm. Figure 7 shows the
unstructured grid employed in the computations. The ratio of the
liquid density to the ambient air density is 50, and the initial radius
R is 0.5 cm, and Fig. 8 shows the spherical liquid interface of the
drop at the start of computation. Based on the relative velocity of the
drop and air, the initial Reg = 150. The computation for the drop was
carried out for an initial W eg = ρg(Vg − Vl) • (Vg − Vl)D/σ = 10
and Ohl = µl/

√
(ρlσ D) = 0.01, where initially, Vg − Vl = −V0.

D = 2R is the diameter of the spherical drop at the start of the com-
putation. The computed shape of the interface at different nondimen-
sional times t+ = (tV 0)/R, is shown in Fig. 6. The drop is moving
in the positive z direction in an initially stagnant fluid. Figure 9a
shows the deforming drop surface at several instants from t+ = 0
until 14.0, and Fig. 9b shows the surface for 14.0 ≤ t+ ≤ 22.4. By
t+ = 14.0, the drop is observed to deform noticeably from its ini-
tial spherical shape. This deformation is a transient phenomenon,
which is dependent on the transient velocity flowfield inside and
outside the drop and the transient pressure field. For t+ ≥ 14.0, the
drop shape tends to first reach an equilibrium and then retract back
towards a spherical shape. To illustrate the complex nature of the
flowfield, Fig. 10 shows relative velocity vector plots at t+ = 23.8.
The relative velocity is defined as Vrel = V − Vdrop. Figure 10b is
a magnified view of the near-drop region in Fig. 10a. Two distinct
vortices can be identified, one in the gas and another in the liquid at
this instant. But the shape of the drop at any instant is a result of the
history of transient velocities and pressure that the drop is subjected
to internally and externally. Hence, a clear understanding of the be-
havior illustrated here would require that this transient flowfield be
studied in great detail. This is done elsewhere.28

It is possible to derive global parameters from these computations.
Consider the drag coefficient Cd , which is defined similar to Eq. (34)
except that Vdrop is employed instead of Vsolid and S(t) represents
the deforming interface of the liquid drop. Figure 11 shows the
computed transient drag coefficients for the liquid drop and a solid
sphere with the same initial conditions as the drop. The Cd for the
drop is observed to increase until it reaches a maximum value of
2.68 at about t+ ≈ 15.0, and then it decreases. The increase in drag
is caused by drop deformation, as seen in Fig. 9a, which results in
a flatter surface on the windward side of the drop until t+ = 14.0.
For t+ ≥ 14.0, the drop retracts from its deformed shape and tends
toward its initial spherical shape. As the deformation decreases for
t+ ≥ 14.0, the Cd also decreases.

IV. Summary
A hybrid compressible-incompressible numerical method, which

employs a preconditioned form of the compressible flow equations,
is developed for computing transient flows past drops at all Mach
numbers. An artificial compressibility method is employed to solve
the incompressible flow in the liquid phase. A finite volume numeri-
cal discretization is employed in the interface tracking method. Sev-
eral problems are solved to illustrate the capabilities of the method.
These include transient drag of a decelerating solid sphere, which
is compared with other computed results published in the literature,
comparisons of computed and analytical results of the time period
of oscillations of an oscillating drop, and, as an illustration of its
capability for computing moving drops, comparisons of the drag
coefficients of a decelerating liquid drop with that of a solid sphere.
The computed transient drag of the decelerating solid sphere shows
an agreement within 4.6% with the prior numerical results. The os-
cillating drop frequency is computed within 1.6% accuracy of the
analytical solution. An axisymmetric computation of a decelerating
drop indicates that the transient drag coefficients are initially larger
for the drop than for a corresponding solid sphere on account of
drop deformation and the transient flowfield.
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